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Abstract-The potential theoretic foundations proposed by Hardy for his multiquadric-biharmo- 
nit method are shown to be either erroneous or deficient for the purpose of gravity predictions based 
on mixed data types. Specifically, the discretized model for the potential as a sum of point sources 
weighted by distance is nonharmonic in free space; whereas, the relationships between gravitational 
quantities (gravity anomaly, geoid undulation, deflections of the vertical, etc.) are predicated on a 
Newtonian (harmonic) potential. 
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INTRODUCTION 
In recent journal articles by Hardy [1,2], and with Nelson [3], and in several of his other pub- 
lications, the so-called multiquadric-biharmonic method is invented as a numerically oriented 
representation of the Earth’s potential. A validation of the technique was offered on the basis of 
its ability to interpolate gravity anomalies at the Earth’s surface with comparable accuracy to 
other, more well-known methods. There are, however, some aspects of the theoretical justification 
expounded by Hardy that do not provide adequate legitimacy for applications in physical geodesy 
that concern modeling Earth’s external gravity field from diverse gravimetric data. This may 
explain the odd numerical results obtained by Priovolos [4] that raise doubts about the geodetic 
and geophysical utility of the method. 
THE PROBLEM 
The basic motivation for Hardy’s investigation was a desire to find an alternative to the classical 
Newtonian representation of the gravitational potential due to a volumetric distribution of mass: 
(1) 
volume 
where G is the Newtonian gravitational constant; S, is the density as a function of a point in 
the volume; l,, is the distance between the evaluation point, p, and the point of integration, q; 
ZEq = (xP ---zT~)~ + (yp -~~/q)~ + (zp - z~)~, for Cartesian coordinates 2, y, z; and dw, is the differential 
volume element. Hardy calls this an improper integral because if p is inside the volume (material 
space) then there is a q such that Zpq = 0. It is well established that the integral converges [5] and, 
in fact, can be readily evaluated if the density function is known, as discussed by Hardy [2] when 
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he refers to a simple change of coordinates that brings the origin to the point p. Specifically, he 
notes that in this case the differential volume element contains the square of lpgr and hence, 
where r3 pg, Xpq, Z,, are spherical polar coordinates of the point q with respect to p, p being the 
origin. Clearly, this is a “proper” integral and represents one of several ways to evaluate the 




where mq represents an element of mass, poses difficulties if it becomes necessary to compute V 
at any point, q. 
Hardy [2] now mistakenly interprets the formulation (2) of the integral as a functional represen- 
tation for V where he attempts to argue that the quantity 6, sin 0,, de,, dX,, dl,, is independent 
of p (in his words: it is a constant for each q). It should be obvious that this is not the case 
because of sm epq. The argument that sin 8,, is part of a generic differential volume element holds 
only if that volume element also includes lgq, but then the integral reverts to (1). Nevertheless, 
this is the essence of a theoretical discussion that erroneously leads Hardy to postulate constant 
elements of attraction that ultimately form the basis for approximating the potential as 
VP = c Qq lPW 
4 
(4 
where the oq’s are treated as parameters of the potential independent of p. Specifically, if V or 
a linear functional of V (e.g., a derivative) is observed on a grid of points, one is to solve for the 
aq’s, thus enabling subsequent evaluations (interpolation) of V at other points, p. 
A more defensible approach to equation (4) was given by Nelson [3] where, by a clever appli- 
cation of Green’s identity, he finds 
VP = G Ill Pq I,, dv, 7 (5) 
volume 
where pq = iV26, (V2 is the Laplacian operator), and both S, and its normal derivative must 
vanish everywhere on the boundary of the volume, and the second derivatives of 6, must be 
continuous. The potential due to such a density function can also be expressed in the traditional 
way, as in (1). This means that, of course, VP, expressed as (5), is still a Newtonian potential 
and is still harmonic in free space (V2Vp = 0) and satisfies Poisson’s equation in material space 
(V2Vp = -47rG6,). Th e only restriction in (5) as compared to (1) concerns the very specialized 
properties of the density, S,. Therefore, (5) certainly must not be considered a general expression 
for the Newtonian potential, where ps is an arbitrary source function. Yet, this is the justifi- 
cation in the 1986 paper for the approximation (4). Hardy’s constraint that the average of the 
sources, oq, must be zero (derived from the volume integral of the divergence of the density gra- 
dient being zero by Gauss’s divergence theorem) only speciously addresses the needed conditions 
on 6,. It does not guarantee that S, and its normal derivative are zero everywhere at the surface. 
A scalar function, 4, is biharmonic if it is a solution of the biharmonic equation [6] 
v4~=vV(vV~) =V”(V2~) =o, (6) 
where V is the gradient operator. 4 is harmonic if V2@ = 0. Clearly, an harmonic function is also 
biharmonic, but the converse is not true, in general. Thus, l/1,, is harmonic and biharmonic, 
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while l,, is biharmonic but not harmonic (V21,, = 2/Z,,). The potential, V,, whether represented 
as (1) or, with the special density, as (5) is harmonic and biharmonic in free space. The usual 
discretization of (1) in terms of a sum of reciprocal distances, (3), is also harmonic. On the 
other hand, though it is biharmonic, the discretization (4) without special restriction on the (Y*‘s 
(beyond the above constraint) is not harmonic in free space. This is the principal theoretical 
dificulty with Hardy’s method for general surface gravity applications. 
THE CONTEMPLATED APPLICATION 
Any method of estimation that involves the Earth’s gravitational potential and its derivatives 
in free space or on the boundary must incorporate harmonicity because this is the fundamental 
basis on which the gravitational quantities are related. To be specific, the following, somewhat 
imprecise definitions are introduced. The gravity anomaly, Ag, is the difference between actual 
gravity and gravity due to a simple Earth model, such as an ellipsoid. In essence, it is the vertical 
derivative of the disturbing potential, T (difference between actual and reference potentials), and 
serves as boundary condition in the following boundary-value problem: 
differential equation: V2T = 0 in free space, 
boundary condition: Ag M * - $ given on Earth’s surface (T = radial coordinate). 
The solution can be found by standard techniques in potential theory, for example, using the 
Green’s function approach, and is given (approximately) by the so-called Stokes’ formula [7]: 
T=z JJ Ag S dc, 
D 
where 0 is the unit sphere, R is the mean Earth radius, and S is Green’s function (in this special 
case, known as Stokes’ function). The horizontal components of the gravity anomaly vector are 
the horizontal derivatives of T and characterize the deflection of the true vertical from a reference 
vertical. Clearly, the gravity anomaly is related to these deflections via the derivatives of (7), 
known as the Vening-Meinesz formulas [7]. The deflection components can also be observed 
directly by relating astronomically determined Earth-surface coordinates to the corresponding 
coordinates of the reference surface (the ellipsoid). There is a need, then, in geodesy to relate and 
predict deflections from the more easily observed gravity anomalies for the purpose of coordinate 
positioning. Similarly, (7) relates gravity anomalies and the disturbing potential that is directly 
proportional to the geometry of mean sea level (the geoid, an equipotential surface). This crucial 
relationship permits determination of a geodetic reference for heights using gravity observations. 
If T is assumed a priori to be not harmonic, which is a consequence of the adopted repre- 
sentation (4), then the relationship between its vertical and horizontal derivatives simply does 
not correspond to reality. But because Newtonian potential theory is known to hold to a high 
degree of accuracy in our world, the observed gravity anomalies and deflections of the vertical 
definitely are related through a potential function that is harmonic in free space. Similarly, the 
relationship between gravity anomaly and disturbing potential, given by (7), holds only if the 
latter is harmonic. It should be noted, however, that if no such relationship is needed, as in the 
interpolation of surface gravity anomalies from surface gravity anomalies, then Hardy’s method 
can be applied in the absence of potential theory, and harmonicity or biharmonicity are com- 
pletely immaterial as the method is simply one of many other interpolators of functions in two 
variables. But as soon as gravity anomalies, deflections of the vertical, geoid undulations (mean 
sea level), and/or gravity gradients are mixed, or upward continuation is considered, then the 
method breaks down on theoretical grounds. This is confirmed numerically in the poor results 
obtained by Priovolos [4], where neither the gravity anomalies nor the deflections could be pre- 
dicted well from a mixed data set of gravity anomalies and deflections of the vertical. Much 
better predictions (interpolations) were obtained when only like data entered the problem. 
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In the foregoing discussion, the discretization (4) is assumed to be Hardy’s usual construc- 
tion where the source points q are at or near the surface. Certainly, if the discretization of the 
volume integral were done more faithfully, the source points would be distributed throughout 
the volume and each would represent a volume compartment. In the limit, as the size of these 
compartments decreases and their number increases, the representation (4) would approach a le- 
gitimate harmonic function, provided the cxq’s are restricted so as to yield the specialized density 
described above. Also, it is good to note that Hardy’s emphasis is on representing the poten- 
tial in material space where it is not common practice to estimate the geoid or its slope (the 
deflections) from gravity observations. But the difficulties with the theoretical justification for 
the discretization (4) remain. Specifically, without special conditions on the aq’s, the interior 
potential represented by (4) d oes not satisfy Poisson’s equation as the true potential must. 
CONCLUSION 
Hardy’s proposed MQ-B method for predicting the Earth’s total gravity field in free space and 
on the Earth’s surface has been investigated in terms of its foundations in potential theory. The 
two main justifications of the method are based either on conceptual errors or on an implementa- 
tion that is deficient because it models the potential as being nonharmonic. Nonharmonicity leads 
to incorrect relationships between (among others) gravity anomalies, deflections of the vertical 
and geoid heights, as well as between gravity anomalies at the surface and at altitude. Hardy’s 
method is a viable numerical approach only where harmonicity is not a premise, such as in the 
interpolation of a function defined on a surface. 
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